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Abstract

We study fiscal policy in a DSGE model with rational inattention, thereby filling an important
gap in the existing literature. To this end, we extend the fiscal sector in the model of Mackowiak
and Wiederholt (2010) and propose a new approach to solving the attention problem of agents,
a concept that we refer to as dynamic allocation of attention. This otherwise frictionless model
can account for the puzzling finding that empirical estimates based on war episodes place the value
of the fiscal multiplier systematically lower than the ones based on the VAR approach. Thanks to
dynamic allocation of attention, our model predicts that when fiscal shocks are small, the crowding
out effect is relatively weak and the fiscal multiplier approaches one. However, when an increase
in government spending is considerable, crowding out gets larger and the multiplier is significantly
lower than one.
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1 Introduction

The concept of rational inattention was introduced by Christopher Sims in his two papers Sims (1998)
and Sims (2003). The basic idea behind this theory is that processing information is costly. In
information-rich environments, like modern economies, the agents may find it unreasonable to use all
available sources of information. They would rather focus on selected sources that provide sufficiently
accurate information while limiting the amount of resources (for example time and energy) consumed
by the activity of analyzing data and making decisions. More formally, we can think of agents as having
a limited amount of attention that can be allocated to different activities. Processing information uses
up the scarce attention resource.

As an example consider the price-setting decision of a decision maker in a firm. First of all, she
must decide how much attention to allocate to that particular type of decision (other activities may
include deciding about the technology of production, choosing a marketing strategy or dealing with
financial issues). Secondly, she must determine how much attention to allocate to different sources of
information about the optimal price. For example she may decide to learn more about the prices set
by the competitors and ignore information concerning monetary policy and inflation projections. The
decision maker faces a trade-off: paying more attention to a given source of information improves the
quality of the decision but requires information flow that uses up valuable stock of attention. It is
intuitively clear that the allocation of attention will be determined by the cost of information flow on
the one hand and the scale of possible losses caused by suboptimal decisions on the other. In short,
rational inattention implies that the agents choose optimally the structure of uncertainty about the
economy.

We exploit this idea and develop a dynamic stochastic general equilibrium model where agents
(firms and households) are rationally inattentive. Using the notion of entropy and mutual information
from information theory we introduce an explicit constraint on information flow to the optimization
problems of agents. We show that when processing information is costly, the resulting equilibrium
differs significantly from the equilibrium that would occur under perfect information usually assumed
in DSGE models. In particular, an otherwise frictionless model with rational inattention can account
for many observed economic phenomena, like price and wage stickiness, humped-shaped response of
some variables to shocks or different speed at which firms adjust their prices depending on the type of
shock that triggers the price change.

The literature on rational inattention is still modest but expanding rapidly. The concept proved
very fruitful in areas like the theory of consumer choice (Luo, 2008), monetary economics (Sims, 2005),
financial economics (Batchuluun et al., 2007, Luo, 2006, Mondria, 2010, Peng and Xiong, 2005), models
of price setting (Matejka, 2010, Mackowiak and Wiederholt, 2007) and general equilibrium models (Luo
and Young, 2009, Mackowiak and Wiederholt, 2010, Martins and Sinigaglia, 2009, Paciello, 2010). This
paper belongs to that last strand of research.

There are two approaches to modelling rational inattention in DSGE models. The first (tapped by
Luo and Young, 2009 and Martins and Sinigaglia, 2009) uses the social planner’s solution. While this
approach provides a comparatively easy method of solving the model, it fails to find justification in the
form of the second welfare theorem. It also omits prices which seem to be vital in models where both
agent-specific and aggregate information plays a crucial role. The second approach (Mackowiak and
Wiederholt, 2010, Paciello, 2010 and also this paper) attempts to find the decentralized equilibrium
and introduces information-processing constraints on the level of individual agents. Unfortunately, at
the current state of our knowledge, we are doomed to computationally complex numerical methods
to search for the equilibrium fixed point when we use this approach. The proof of convergence of the
method or proposing a more efficient algorithm is a big challenge for future research.

Our main contribution to the rational inattention literature is the analysis of the effects of fiscal
policy. Whereas monetary policy was meticulously examined by Mackowiak and Wiederholt (2010) and
Paciello (2010), fiscal policy has been omitted. We introduce distortionary taxation and a government
spending shock to the model that can be seen as a direct extension of Mackowiak and Wiederholt
(2010) and examine the way rational inattention influences the behavior of main economic variables
following a temporary increase in government spending. We show that the model can account for some



of the puzzling observations about fiscal policy that other models could have a hard time to explain.
For example, Bilbiie et al. (2006) report that US fiscal policy seems to have had stronger effects before
1980 and weaker afterwards. If we agree that the costs of processing information has fallen significantly
as a result of technological progress (widespread usage of computers and the Internet) then our model
gives an elegant explanation of this observation.

We find that rational inattention generally decreases crowding-out and thus makes the contempo-
raneous multiplier bigger. The extent to which crowding-out is reduced in comparison to the perfect
information case depends on the equilibrium allocation of attention. When agents allocate much atten-
tion to observing the fiscal shock, its effectiveness is reduced. On the other hand, when the attention
level is low the effects of increased government spending are stronger.

The empirical literature on the effects of fiscal expansions is vast and diversified. As far as fiscal
multipliers are concerned even when ignoring extreme views about fiscal policy, we can find a whole
span of values in the literature. The contemporaneous multiplier varies from 0.4-0.5 (Barro and Redlick,
2009) through 0.47-0.55 (Hall, 2009), 0.6-1.1 (Ramey, 2011) and 0.96 (Blanchard and Perotti, 2002)
to values slightly above 1 (Fatas and Mihov, 2001, Rotemberg and Woodford, 1992). Most empirical
studies fall into one of the two categories. Some authors (Ramey and Shapiro, 1998, Edelberg et al.,
1999, Burnside et al., 2000, Barro and Redlick, 2009, Hall, 2009) concentrate on military spending and
war episodes to quantify the effects of increased government spending. The second approach uses the
Vector Autoregression approach (VAR) (see Mountford and Uhlig, 2008, Blanchard and Perotti, 2002,
Fatas and Mihov, 2001). One pattern to be observed is that the estimated multipliers are generally
smaller (usually below one) in the first strand of literature and bigger in the second (near or slightly
above one).

We propose an extension of the model that would explain why such a pattern might take place.
Concentrating on war episodes and defense spending means the fiscal shocks being studied are big,
whereas the VAR approach takes into account whole time series, which mostly cover periods in which
nothing particularly dramatic happens with government spending. In the model, the allocation of
attention depends directly on the perceived stability of fiscal policy (the variance of the fiscal shock).
When a big increase in government spending takes place agents update their estimate of the variance
of the fiscal shock and increase attention capacity which leads to higher crowding-out. That may be
why empirical studies based on fiscal expansions associated with wars come up with lower estimates
of the multiplier. The prediction of the model can be summarized by a statement that the size of the
shock matters. This is not the case for a majority of DSGE models considered in the literature.

The extension we propose could be succinctly described as dynamic allocation of attention. We
argue that the assumption made in the existing rational inattention literature (for example Mackowiak
and Wiederholt, 2007, Mackowiak and Wiederholt, 2010 and Paciello, 2010) that the allocation of
attention is constant over time is unsatisfactory. For example it is implausible that the agents do
not change their allocation of attention in the face of a huge economic turbulence, e.g. the financial
crisis that happened in 2007. To capture this idea we solve the attention problem with agents allowed
to choose their level of attention in every period adjusting information flows to current economic
conditions.

Note that the conclusions outlined above have serious implications for fiscal policy makers. If this
is really the case that big fiscal expansions are associated with lower fiscal multipliers, then this should
be taken into account when designing stimulus packages like the ones tapped during the financial crisis.
The mechanism of dynamic allocation of attention can be seen as yet another argument against fiscal
intervention as a remedy to economic crisises.

We also study the interactions between fiscal and monetary policy under rational inattention. Using
a standard monetary policy rule we show that when the nominal interest rate reacts weakly to inflation
and output gap, the effects of rational inattention on the side of firms and households reinforce each
other in limiting the crowding-out of consumption. However, when monetary policy becomes more
aggressive, rational inattention on the side of firms works in the other way - it reduces the effectiveness
of fiscal policy. The ultimate effect depends on the attention allocation of firms and households.

The remainder of this paper is organized as follows. Section 2 presents the model with perfect
information (which will serve as a benchmark) and the model with rational inattention. Section 3



presents the main results. In section 4 we introduce the concept of dynamic allocation of attention.
Section 5 concludes.

2 The model

2.1 Perfect information

In this chapter we present the assumptions of the model when all agents have perfect information.
The economy counsists of J households (indexed by j =1,2,...,J) I firms (indexed by (i = 1,2, ..., 1),
a fiscal authority and a monetary authority.

We use the same notation as Mackowiak and Wiederholt (2010) to simplify comparing the models.
In particular, we use lower case to indicate a variable in log-deviation from its steady state and upper
case without time subscript to indicate the steady state value of a variable.

2.1.1 Households

Every household maximizes expected discounted utility from consumption and leisure subject to a
budget constraint and taking as given the demand for labor.
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Cj; is a Dixit-Stiglitz consumption aggregator! defined as
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The remaining variables are defined as follows: L;; denotes labor supplied by household j, P;; - price of
the good produced by firm i, C;;+ - consumption of good ¢ by household j, Bj; - nominal bond holdings
of household j, R; - nominal interest rate, W;; - wage rate set by household j, W; - aggregate wage
rate, 74V~ tax rate levied on labor income, D; - the sum of profits of all firms, 7} - total lump-sum taxes
imposed by the fiscal authority, L; - aggregate labor supply. The parameter 0 < 5 < 1 is the discount
rate, 8 > 1 - the elasticity of substitution between different consumption goods, v > 0 - the inverse of
the intertemporal elasticity of substitution of consumption and ¥ > 0 and ¢ > 0 affect disutility from
labor.

We adopt a time convention that the time—t bonds are purchased at time ¢ and yield interest
according to interest rate at time t. We assume that households can be indebted up to a certain limit,
vt Bj; > B for some fixed B € R to exclude Ponzi schemes and that all households have the same
initial bond holdings, B; —; = 0.

The profits of firms and lump-sum taxes are assumed to be divided equally among households.
We use the function d,,(Wjs, Wi, L) to denote the demand function for labor which will be derived
endogenously from the optimizing behavior of firms and that is taken as given by wage setters in
households. Finally, E; _; is the expectation operator for household j conditioned on information
available in period —1. We assume that households have rational expectations.

In every period the household sets the wage rate Wj;, at which it commits itself to supply the
demanded amount of labor, and chooses the optimal consumption mix (C4j¢, Cajt, ..., Crjt)-

1Later we refer to Cj¢ as composite consumption.



2.1.2 Firms

Firms maximize expected discounted profits
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Y;+ denotes the production of firm ¢, L;;; - labor supplied by household j to firm i, @, is a stochastic
discount factor and F; _; is the expectation operator of firm 4 conditioned on information available at
time —1. The production function takes the form

Yir = e*te®t L, (2.6)

where

J n=1\ 71
j=1
is the Dixit-Stiglitz aggregator of labor inputs, a; is the stochastic aggregate technology index and
a;; is the stochastic idiosyncratic technology index, both expressed in log-deviations from the steady
state in which they equal 1. « is the output elasticity of composite labor and 7 > 1 is the elasticity of
substitution between different types of labor.
The demand for the firms’ production comes from households and the government

Yit = Git + Cit (2.8)
Cit = do(Pyy, Py, Cy) (2.9)
Gyt = dy(Pit, P;, Gy) (2.10)

The function d.( Py, P;, C;) is determined endogenously from households’ optimization and the function
dg(Pyt, P, Gy) will be described in the next paragraph, P, denotes the aggregate price level.
Following Mackowiak and Wiederholt (2010) we assume that the stochastic discount factor takes

the form .
Q: = B'A(Crt, ~-~7CJt>F (2.11)
t

for some function A that is symmetric in its arguments and twice continuously differentiable with the
property that in the steady state
A(Clt, ceny C]t) == C;A/ (212)

In every period the firm chooses the optimal factor mix (combination of labor types) (L;1¢, Liat, ..., Lijt)
and sets the price P;; of its good 4 at which it supplies the demanded quantity.

2.1.3 Fiscal and monetary authority

The budget constraint of fiscal authority reads

I J
Ry 1By 1+ Y PuGi =By + 7Y WjiLjt) + Ty (2.13)
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That is, in each period government spending (consisting of purchases of consumption goods from firms
and the payment made to time-(¢t — 1) bond holders) must equal the revenues from issuing new bonds
and collecting labor and lump-sum taxes.



We define budget surplus as the relation of tax revenues to consumption expenditures
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We assume that fiscal policy follows the following policy rule?
Y, -Y
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The rule states that the actual surplus is the steady state surplus S* plus the cyclical component that
depends on the output gap (Y denotes the value of aggregate production in the steady state). The
parameter w governs the responsiveness of fiscal policy and the approach of fiscal authorities to output
fluctuation (w > 0 implies antycyclical policy).

We assume that there is a constant share of labor tax in total tax revenues, specifically in each
period we have
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We assume that the demand for the firm i’s good is given by

P —6
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We make this assumption because it implies that government demand has the same form as the demand
of households - this makes aggregation easier.
The total government consumption spending is determined by the following stochastic process

G (G
t t—1 th

where G is the steady state government consumption spending assumed a fixed fraction of aggregate
output, G = 6,Y.
Monetary authority sets the nominal interest rate according to a standard monetary policy rule

& _ Rf,—l PR & b )/f by
R R II Y
P

I, = B denotes gross inflation rate and the parameters ¢., ¢, and pr govern the persistence
and responsiveness of the interest rate to aggregate conditions. We assume that monetary policy is
deterministic in the sense that there is no stochastic exogenous shock to the interest rate set by the

monetary authority, as the focus of the analysis will be on fiscal policy3.

1—pr

(2.21)

2See Fueki et al. (2011) for comparison
3Monetary policy shocks have been studied in Mackowiak and Wiederholt (2010) and Paciello (2010)



2.1.4 Aggregation

First, we introduce some new notation

5 P;

Py = 7: (2.22)
. W
W, = W]; (2.23)

We also define aggregate price level and aggregate wage rate as
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It is easy to verify that equation 2.28 is compatible with the assumption 2.19.
Finally we can define aggregate output as

V=Y PYy=Ci+ Gy (2.29)

-

i=1

2.1.5 Shocks

There are three types of shocks in the economy: an aggregate technological shock 7, idiosyncratic
technological shocks €,, for i = 1,2, ..., I and a fiscal shock £, We assume that the aggregate techno-
logical index follows an AR(1) process

ay = paaz_1 + 524 (2.30)
Similarly, for each i = 1,2, ..., I we have
Git = Prait—1 + Eft (2.31)

The processes {ef'}, {e],}1_;, {e¥'} are assumed to follow Gaussian white noise processes with variances
0%, 0% and aé, respectively, and are independent of each other. Since we only have finitely many firms
and households idiosyncratic shocks can, despite independence, affect aggregate conditions. However,
we ignore this effect since when I and J are very large its impact is negligible. We simply assume that
if a set of variables {xy}/_, (or {z;;}]_,) is independent and every variable has zero mean then for
every t > 0

I J
aip=0 > 2p=0 (2.32)
i=1 j=1



2.1.6 Equilibrium

We define the equilibrium of the model under perfect information.

Definition. The equilibrium of the model with perfect information is the allocation

{{C]t}lj 1’{L1]t}zg 17{B t}j 17{G D T* w*}t =0 prlceb {{ t}] 17{ t}z 1’R;}7?20 and
functions d* (Pzt,Pt,Ct) dw(WJt,Wt,Lt), dg(Pzt,Pt,Gt) such that

1. For each j, given prices { P} }]_,, taxes T} and 7/**, firms’ profits D}, interest rate R}, aggregate
wage rate W}*, aggregate labor supply L;, initial bond holdings B} _; and labor demand function
dr, (Wi, Wi, Ly), {C1jts -, Crjts Wit, Bji 52, solves the problem of the household: 2.1 subject to
2.2, 2.3 and 2.4,

2. For each i, given wage rates {Wﬁ}}-’zl, aggregate consumption Cf, aggregate price level P/ and
demand functions d* (P, P, Cy) and d;(Pit, Py, Gy) {Liit, -y Lige, Pit }$2 solves the problem of
the firm: 2.5 subject to 2.6 - 2.11,

3. (B AGHY ), T, 71, RE Y22, and d}y(Pi, Py, Gy) satisfy equations 2.13 - 2.21,

4. Function d¥(P;, P;,Ct) can be obtained from the optimal choices of households in point 1 and
function d},(Wj, Wy, L;) can be obtained from the optimal choices of firms in point 2 after using
definitions 2.22 - 2.28,

5. Markets clear: Vj L, = d;, (WS, Wi, Ly) , Vi C}, = d5 (P, Pf, CF)

The existence and uniqueness of the equilibrium defined above is guaranteed by standard Blanchard-
Kahn? conditions. We always check whether these conditions are satisfied for given parameter values.

2.2 Imperfect information

We now introduce rational inattention to the model. Following the literature on rational inattention we
use the notion of entropy and mutual information to measure information flow®. We will use the fact
that for processes {X;}72,, {Z:}:2, that are stationary and Gaussian the following formula describes
how much information about the process {X;}72, is contained in the process {Z;}52,

. 1
I({Xt}, {Zt}) = Th—r>noo T I(Xo,Xl, ...,XTfl; Z()7 Z1, ceey ZT,1) (233)

where

1 det Q)
I(Xo, X1, ..., X711, 20, 21, .0y Z1—1) = 510g2 ( N )

—_— 2.34
detQ)(|Z ( 3)

where 0x is the covariance matrix of the vector (Xo, X1,..., X7_1) and Qx|z is the conditional co-
variance matrix of the vector (X, X1, ..., X7—1) given vector (Zo, Z1, ..., Z1—1).

Following Mackowiak, Wiederholt Mackowiak and Wiederholt (2010) we model rational inatten-
tiveness of agents as the existence of an additional constraint of the form Z({X.}, {Z:}) < k, where &
is some positive number. As the processes {X;}2,,{Z:}:2, we take the optimal and actual decision
made by an agent which means that households and firms have to take into account the informational
content of the decisions they make.

In the following sections we describe the modifications to the optimization problems of the household
and the firm introduced in section 2.1. We present the problems in a log-quadratic setting that is derived
from the original problem by log-deviating all variables and taking the second-order approximation
of the objective function. The derivation can be found in the Technical Appendix. We remind that
variables in lower case denote log deviation from the steady state.

4see Blanchard and Kahn (1980)
5See Sims (2003) or Sims (2010) for details. For a more systematic introduction to information theory see Cover and
Thomas (2006)



2.2.1 The problem of the firm

In the model with rational inattention the firm solves the following optimization problem

KB, CUD Y {; BEi- B(xt ~ @) Hm - “T:)} 1 fﬁﬁ} (235)
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subject to the information processing constraint
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At first the form of the above problem may be a little puzzling, so the remainder of this section is
devoted to its discussion. The reader is referred to the Technical Appendix for further details.

First, the first part of the expression 2.35 is the expected discounted difference between the value of
the objective function when the choice variables are given by x; (vector x; gathers all choice variables
expressed in log-deviations from the steady state) and the value of the objective function when z; is
chosen optimally, that is, under perfect information (the optimal choice is indicated by a star, e.g.
x7). Thus, we can view the problem as minimizing the expected loss arising from suboptimal choice
of z; which is equivalent to maximizing the original objective function. Second, it can be showed
that the original constrained problem can be transformed into an unconstrained problem (apart from
the information processing constraint) where the choice variables are p,,, the relative price defined as
Dy = Pit — pt (or Pit = I;itt) and shares of different types of labor in composite labor, iijt = lije — lut
(or ﬁijt = LL:: ). Third, equations 2.37 and 2.38 characterize the optimal decision, or more precisely,
the solution of the firms’s optimization problem that would arise if the firm had perfect information.
Aq(L), As(L), A3(L) denote infinite-order lag polynomials with absolutely summable coefficients. The
optimal price at time ¢ can be represented as a linear function (or moving average process) of all
the shocks up to and including time t®. The response of the price to shocks is divided into three
separate components. p{%* is the response to aggregate technological shocks, plf - the response to
idiosyncratic technological shocks and pg*— to fiscal shocks. The optimal share of the j — th type of
labor in composite labor is optimally a linear function of the relative wage set by household j, that is,
W;; = wjy —wy. In particular it does not depend on aggregate conditions. Fourth, the actual decision is

given by equations 2.39 and 2.40. The stochastic variables v}, v}, v$, {vk, }]:11 are assumed to follow

white noise Gaussian processes with unit variance and are independent of each other (also independent
across firms). These variables represent noise in the actual decisions. The actual decision can thus

6For example if A = (ao,a1,az2,...) then A(L)er = > 22, aer—;



be seen as a combination of a pure signal which gives information about the optimal decision and
noise which contaminates the decision and decreases its informational content. The firm determines
the value of the choice variables by choosing the coefficients of infinite-order lag polynomials By (L),
By(L), B3(L) and Cy(L), C2(L), C5(L) and choosing the parameters 77 and x. For example, if there
was no information processing constraint, the firm would choose By(L) = Ai(L), Ba(L) = Aa(L),
Bs(L) = As(L), C1(L) = C3(L) = C3(L) = 0, 7 = n, x = 0 implying that the actual decision would
equal the optimal decision in every period. The reason we do not let the firm choose arbitrary lag
polynomials in the case of labor mix decision is simple: by assuming the structural form 2.40 we are
able to obtain an analytically tractable expression for the demand for labor on and off the equilibrium
path which enables us to find the general equilibrium. Still, by choosing 77 and x the firm can regulate
the precision and information content of the actual decision concerning factor mix. Fifth, notice that
given the form of the actual and optimal decision we can compute the value of the expected discounted
loss in profits in the objective 2.35 as it depends only on the coefficients of the lag polynomials (or
fj and x) and the variance of the shocks, 0%, o2 or 7. However, we have to make an assumption
concerning the realizations of shocks before period 0. It seems natural to assume the the shocks were
zero and that the agents are aware of this fact, so that past realizations of shocks do not influence
the value of the objective 2.35. Finally, the inequality 2.41 constrains the informational content of
the actual decision. Roughly speaking this condition says that the actual decision cannot provide too
much information about the optimal decision or, put differently, the closer the agent wants to get to
the optimal decision, the more attention she needs to allocate. The level of attention is measured by k.
Instead of treating x as a given parameter we let the firm choose its total attention capacity. Allocating
more attention is costly: it decreases expected profits proportionally to a parameter p which denotes
the marginal cost of processing information. Thus the firm faces the following trade-off: allocating more
attention decreases profits by increasing the costly information flow, but decreases the loss in profits
as the actual decision gets closer to the optimal decision. One important observation needs to be made
here. By assuming independence between noise components v;; and thanks to the additive (across
shocks) representation 2.37 and 2.39, we can divide information flow in the constraint 2.41 into three
independent parts, kK = k4 + k1 + kg, which correspond to information flows connected with aggregate
technological shocks, idiosyncratic technological shock and fiscal shock, respectively”. It means that we
have implicitly assumed that attending aggregate technological conditions, idiosyncratic technological
conditions and fiscal conditions are separate activities, each requiring a separate information flow.
This simplifying assumption can be justified by the interpretation that rational inattention captures
information processing constraints rather then information scarcity®.

2.2.2 The problem of the household

We make a simplifying assumption regarding the decision-making process in households. We assume
that every household consists of a wage-setter and a consumer. The wage-setter sets the wage rate
Wj¢, whereas the consumer takes the income of the household as given and decides how to spend it on
bond purchases Bj; and consumption goods (Cji, ..., Crji). In particular, the two decisionmakers have
separate information constraints and information flows devoted to making one decision do not influence
the other. Once again this assumption can be justified by the interpretation that rationally inattentive
agents face information processing constraints rather then lack of information. Therefore we can treat
those two decisions as separate although they require information about the same aggregate variables®.

After taking the log-quadratic approximation of the objective function the problem of the wage-
setter can be expressed as

"We use the additivity property of mutual information, see Cover and Thomas (2006) for details and proof
8See Sims (2010) for a further discussion of this problem in the rational inattention literature
9A similar idea is exploited by Paciello (2010)

10



’U) * w * w * A
w5, (L) C o {Zﬂt =1 [ —ay) Ho(zy’ — x7) + (z) — a7) Hi(zy — $t+1)] - m"i

where ~ B
i 7
it i
LI,‘;U _ JI: _ Cljt _ C1jt (243)
éf1—1)jt éfl—l)jt
Hy, H, € RU+2)x(1+2)
W} = Ai1(L)e} + Ao (L)ef (2.44)
—_——— —\—
e DG
W, = Bi(L)e;* + C1(L)viy + Ba(L)ef + Co(L)S; (2.45)
WA &
Jt jt

subject to the information processing constraint
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The form of this problem is analogous to the form of the firm’s problem. The objective function 2.42
is the expected discounted loss in welfare due to suboptimal choice of wage rate net of information
processisng costs. The parameter A is the marginal welfare cost of information. x} denotes the solution
of the problem under perfect information (more precisely: the solution of the wage setter’s problem
that would arise if the wage setter had perect information). We introduced the additional notation
(tilde) to denote real variables when the original variable was expressed in nominal terms. Specifically,
bjt = bt —ps and Wy = Wit — Pt The optimal real wage at time ¢ is a linear function of the realization
of shocks up to and including time ¢ according to 2.44. The actual wage rate is given by 2.45 and
is determined by the coefficients of the infinite-order lag polynomial chosen by the wage-setter. The
variables v]t, vﬁ are assumed to follow a Gaussian white noise process with unit variance and are
independent of each other and all other stochastic processes in the economy. The information flow
in constraint 2.46 depends only on the actual and optimal wage decision. One thing needs to be
underscored here. When we state the problem of the wage-setter we assume that the decisions made
by the consumer are optimal. Hence all but one elements of the vector z;” — z} are identically zero. In
practice this means that we ignore possible interdependency between the wage-setting and spending
decision. Later we check whether the results that we obtain are robust to this assumption. It turns
out that when we replace the optimal decision of the consumer in the wage-setting problem by the
actual decision of the consumer, the results remain unchanged!°.
The problem of the consumer reads

A
t *\/ *
max E _ vy —xy ) Ho(wy — 7)) + (v — 7)) Hi(x —x — —K
R Bi(L), Ci(L)}2_,.0.0 { 7 1[ e~ @) Holaw = i) o — i) oo t“)} 1-5

(2.47)

10We do this by plugging a guess of the actual spending decision made by the consumer into the wage-setting problem
in every iteration of the solution procedure. At the equilibrium fixed point the guess agrees with the actual decision of
the consumer.
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where

T
bjTt b%
~ Tk
@, 5
Ty — xf = Cujt - Cijt (2.48)
. o
Cr-1)jt Cr-1)jt

Hy, H, € RU+2)x(1+2)

t l
1 1 -
bjt — by = — Z <[3> . [(cj’t,l - C;,tfl) + fww (w;)tfl - w;,tfl)} (2.49)
1=0 B
&y = Ai(L)el + Ag(L)ef (2.50)
—_———— —
c;‘t* cﬁ*
cje = Bi(L)ef + C1(L)&; + Ba(L)ef + Co(L)ES, (2.51)
A G
G =—0py i=1,2,..,1 -1 (2.52)
Gije = =0 (D +065) i =12, 1~ 1 (2.53)
subject to the information processing constraint
7 ({C§t7 é;jtv ERS] é?I—l)jt} > {Cjta éljta ey é(I—l)jt}) <K (2.54)

When the consumer solves her optimization problem she takes as given the wage-setting decision made
by the wage-setter, dentoed by u?}t. Hence w}t is treated as an exogenous variable. We use the budget

constraint to derive the equation 2.49 which (given the stochastic process for mjt) establishes a one-
to-one correspondence between the consumption path{c;:}$2, and bond holdings path {b;;};2,. In
consequence we can focus on the choice of the process for composite consumption c;; rather than the
process for bond purchases b;;. Apart from this the consumer makes decision regarding the optimal
consumption mix, that is, the shares of different goods ¢ in the composite consumption: ¢;;, = ¢;jt — Cjt
for e = 1,2,...,I — 1. Under perfect information the share of good ¢ depends only on its relative price
D; = Dit — Pt For the reasons made explicit in the discussion of the firm’s problem we assume that the
choice of the actual share ¢,;, is restricted to the form 2.53. As before we assume that the noise variables

ﬁ, ﬁ7 {fgt}{;ll follow a Gaussian white noise process with unit variance and are independent of each
other and all other stochastic processes in the economy.

2.2.3 Aggregation under rational inattention

A few remarks are needed to describe the necessary changes to the way we aggregate certain variables
in the model with rationally inattentive agents. The need for change stems from the fact that the
actual elasticities of substitution between different types of consumption goods and different types of
labor are no longer given by 6 and n (as in the perfect information case), but by 6 and 7 chosen
optimally under information processing constraints by households and firms. Hence we define

1

I 2\ 1-6
P, = (Z Pi{ﬂ) (2.55)
=1
1
T—7
We= Y W, (2.56)

Jj=1
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We also assume that 6 replaces 6 in equation 2.19. When we calibrate the model we use the data to
determine the value of the actual elasticities 6 and 7 and then choose values for § and 7 which yield
6 and 7 in equilibrium. This is possible since it turns out that we can solve the factor mix problem
of the firm and the consumption mix problem of the household analytically independently of other
components of the optimization problems.

2.2.4 Equilibrium

Deﬁmtlon The equilibrium of the model with rational inattention is the allocation
{{ngt} ij= 1v{lzgt} ij= 1,{b t}j 1a{9zlt}zl:1 dl,fl }t 0s {KJT}’L 1 {”i;} CT}] 1

prices {{wjt}] 1 {Pn}z 1T }tooo

and functions d(pi¢, pe, ct), di, (W0, Wy, 1), df 1 (pit, pt, g¢) such that

Jt

1. For each j, given prices {pzt}l 1, taxes fl and TtT, firms’ profits JI , interest rate rtl , real aggregate

wage rate wl , aggregate labor supply l +, initial bond holdings 5}7_1 and labor demand function
dt (w]t,u/t, l¢), there exist infinite-order lag polynomials with absolutely summable coefficients
{B}%(L), C3. (L), B, (L), j?k(L)}izl and numbers 6, and J; such that {H;”, {B;‘;i( ), Ci. (L .t
solves the problem of the household: 2.42 - 2.46, {x§, {B5, (L), C5,(L V1, J,ﬂ } solves the
problem 2.47 - 2.54 and

wl, = B (L)ef + O (L)viy + B (L)ef + Cl (LS

Jt
cly =BG (L)ef + C5 (L) + BSy(L)ef + Co(L)ES

gt
- (pjt + ﬁjggt) L i=1,2,.,1—1

2. For each i, given wage rates {wﬁ} aggregate consumption c;, aggregate price level p}

Jj=b
and demand functions df(pit,p, ) and df (pit,pe, g¢), there exist infinite-order lag polynomi-
als with absolutely summable coefficients {B;j,(L), Cix(L)};_; and numbers 7, and y; such that

(k] {Bir(L), Cir.(L)}2_,, 7, xi} solves the problem of the firm: 2.35 - 2.41 and
ply = Bu(L)el + Cu(L)viy + Bia(L)el, + Cia( L)}y + Big(L)ef + Cia (L)
e = = (@] + xiv5e) s 5= 1,200 0 =1
3. {{b! t}] gy, 8 ot ryee, and df 1 (pit, pt, gt) satisfy the loglinearized equations 2.13 - 2.21,

4. Function df(p;t,ps,cs) can be obtained from the optimal choices of households in point 1 and
function d} (w W4, Wy, ) can be obtained from the optimal choices of firms in point 2 after using
definitions 2.22 - 2.28 adjusted by modifications described in 2.2.3,

5. Markets clear: Vj llt =df (wjt,wt, N, vi c;rt = dl(pzt,pl,cl)

2.2.5 Equilibrium existence and computation

The proof of existence and uniqueness of the above defined equilibrium is beyond the scope of this work.
However, we present and prove one important observation which will be used to find the equilibrium
of the model numerically.

We prove in the Technical Appendix that the choice of the optimal consumption mix 2.53 and the
optimal factor mix 2.40 is independent of the choice of other variables and can be derived analytically.
We can thus focus on the choice of the optimal price level by the firm, optimal wage rate by the
wage-setter and optimal composite consumption by the consumer and on the two aggregate shocks (we
omit the idiosyncratic technological shock in further analysis). Suppose there exists a unique solution
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to those problems and a unique solution to the corresponding problems with perfect information. Next
notice that the independence assumption (between shocks and between noise in different components
of choice variables) combined with the additivity property of mutual information and linearity of the
objective function in total attention capacity s implies that we can solve the model independently for
each type of shock. Consider the fiscal shock. We can define a mapping ®¢ : £ x 1 x £1 — 1 x 0t x ¢!
which takes as an argument a triple (pzt , ﬁ*, cﬁ*) with each element represented as an infinite
absolutely summable sequence (element of the ¢! space). This representation is possible since we can
treat the elements of the sequence as the coefficients of the infinite-order lag polynomial and each
element of (p“t , ﬁ*, cJGt*) as a linear function of the fiscal shocks up to and including time ¢ as in
2.37, 2.44 and 2.50. The value of the mapping ®¢ at (p$;*, JC';*, Cth*> is determined in the following
steps:

1. We treat pg* as the profit-maximizing price response to fiscal shock in the firm’s problem (2.37),

WE* as the optimal wage rate response to fiscal shock in the wage-setting problem (2.44 ) and

jt
cJGt* as the optimal composite consumption response to fiscal shock in the consumer’s problem

(2. 50) We solve those problems (under information processing constraints) and obtain a triple

(p§, w Jt, ﬁ) as a solution,

2. Given the decision of firms and households (p$;, @ W cJGt) 11" we find the aggregate dynamics of
the economy,

3. Given the aggregate dynamics we compute the profit-maximizing price for the firm p$**, the

optimal wage rate for the wage-setter wﬁ** and the optimal composite consumption for the
consumer CC;;** assuming the decision makers have perfect information,

4. We assign the triple (p§**, JG;**, CG**)

R e
g at (pzt ;s Wi, Cjt*)

represented as an element of ¢! x ¢ x ¢! as the value of

Intuitively, the mapping ®¢ transforms a guess concerning the way the agents would behave if they had
perfect information into their actual optimal behavior under perfect information, but with aggreagate
dynamics implied by the initial guess.

Similarly, we can define a mapping ®4 that works analogously on a triple (pi*, ~ﬁ*, ﬁ*), that
is, the component of the price, wage rate and composite consumption that responds to technological
shocks. Then we define & = (P, P4).

Having defined the mapping ® we can state the following Proposition.

Proposition. There exists an equilibrium of the model with rational inattention if and only if there
exists a fized point of the mapping ®.

”

Proof. 7 = 7 Suppose we have an equilibrium of the model with rational inattention:

el by Al oy L Lal Yoy, w1y e2o, elHoy, (a0, STy, (ol Wl e, 2o

and functions d(pi, pr, ¢t), df (w]t,wt, ly), d; (pit, pt, gt). Using the remark made above we can con-
centrate only on the component of the variables that responds to fiscal shocks (we deal with the
technological shock analogously) and on ®¢. Since we can determine the values of all the aggregate
variables, we can also find a solution to the firm’ b and household’s problem under perfect information.

Denote the profit-maximizing price of the firm pzt , the optimal wage rate of the household th* and

the optimal composite consumption c . We will show that the triple (plt , ﬁ*, ]Gt*) is a fixed point
of ®g. Carrying out step 1 of the deﬁnltlon of the mapping @ we obtain a triple (pn , ﬁT, cﬁT)

which by the definition of equilibrium is the component of (pzt, ;rt, jt) that responds to fiscal shocks.
Hence we arrive at the original (equilibrium) aggregate dynamics of the economy in step 2. Thus step

3 gives us back the triple (p§*, W$*, c&*). Step 4 implies that ®¢(p$*, WS*, §*) = w&G*, G,

Wit s Wit Cjy (p5i, Wy Cjy
so that (p$*, ~JGt*, cht*) is a fixed point of ®g.

1 Symmetry of firms and households and the uniqueness of solution to the agents’ problems assumed above imply that
the decisions will be the same for all firms and the same for all households.
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7 «<=" Suppose we have a fixed point of the mapping ®. We will again concentrate on the mapping
& and the part of the equilibrium that is associated with the fiscal shock (the proof for the technologi-

cal shock is analogous). We have ®¢(p$;*, JC';*, cﬁ*) (PS5, ﬁ*, G*). We can carry out step 1 of the
definition of ®¢ to obtain (p§;, ~ﬁ, cjt) which we denote (pnT, JC';T, cﬁT) Carrying out the optimiza-

tion in step 1 we get {/<; im1s {ﬁwT CT}J 1 as a part of the solution. Using the analytical result proven
in the Technical Appendix we get the functions d! (p;:, pt, ), d 1 (W4, Wy, 1) compatible with the opti-
mization performed in step 1 and equations 2.22 - 2.28 adjusted by modifications described in 2.2.3. Us-

ing the triple (pgT, ~ﬁt, ﬁ ) and equations 2.13 - 2.21 we can determme the aggregate dynarmcs of the
economy. In this way we have defined the variables {{cm}Z Py {lm 7] s {b Y gl Y dl A e,
{“T}z 1 {’f] ) K/CT}J 1 {{wjt}J 1 {pzt}l 1 Tt}t:O and functions dc(pztaptv ct), dT (wjt’ Wy, lt)a dg(pztapta gt)
(denote this allocation by (1)) We will show that () is an equilibrium of the model with rational inatten-
tion. Conditions 1 and 2 of the definition of equilibrium are satisfied, because the triple (pltT, ﬁT, JGtT)
solves the problem of the firm and household when the optimal choice (under perfect information) is
given by (p§*, ﬁ*, cht*) We have to verify that (p$*, ﬁ*, cht*) really is the optimal choice un-
der perfect information when aggregate dynamics is given by (). This follows from the fact that
(p$*, ﬁ*, cht*) is a fixed point of ®¢ (in particular it is the result of step 3 in the definition of ®g).

Conditions 3, 4 and 5 of the equilibrium are satisfied trivially given the way we have defined (f). O

The Proposition and the definition of the mapping ® provide a constructive method to search for
the equilibrium numerically. We first make a guess concerning the triple (plt , ﬁ*, C]t *). We use a
lag polynomial of high but finite order to represent those variables on a computer. We compute the
value of &g at (p$*, ﬁﬂ &) performing the optimization of the firm, wage-setter and consumer
numerically!?. If the obtained value is close enough to (pG*, Nﬁ*, cht*), then we have found an ap-
proximation of the equilibrium. Otherwise we iterate using a linear combination of the last value and

the old guess as a new guess in the next iteration until we reach the demanded precision.

2.3 Calibration

We use US quarterly data to calibrate the model. The values of a few parameters in the model will be
chosen on the basis of literature and some parameters will be estimated.

Since the output elasticity of labor, «, can be interpreted as labor income share in GDP, we set
a = 2/3. The subjective discount factor, 3, is related to other variables in the model by the following
formula: % = % Hence, given the average nominal federal funds rate and average gross inflation rate
(1965-2011), we can get 8 = 0.988.

Government parameters in the model include wp, 84, 7%, 6, w plus the parameters governing the
stochastic process for government spending o¢ and pg.

We set wp = 6.15, because this will imply that the debt-to-GDP ratio in the model will be 4,
which is consistent with the fact that US debt is almost as high as its yearly GDP. We interpret ¢, as
the share of government consumption expenditures in GDP. Hence 6, = 0.2. We use Census Bureau
data to determine 6, the share of taxes levied on labor (including social security) in total tax receipts
(we include both federal and state and local governments). This share is approximately 2/3. We take
the value of marginal personal income tax rate (for average wage workers), 0.217, (as reported by
OECD) as the steady state tax rate 7%. The above values imply that in the steady state the relation
of government receipts to government spending equals 0.96 which means that the deficit-to-GDP ratio
is approximately 1%. We use a simple regression model to determine w. As the output gap we take the
deviation of actual GDP from its trend obtained by applying a HP filter. We get w = 2.58. It means
that fiscal policy is anticyclical: an increase in GDP of 1% increases the relation of government receipts
to government spending by 2.58 percentage points or, given the steady state budget deficit, decreases
the deficit-to-GDP ratio from 1 to 0.4%. To determine the parameters of government spending shock

12To solve those problems numerically in finite time we have to make some concessions, for example instead of using the
MA representation based on the lag polynomial with a big number of coefficients, we use the ARMA (p,q) representation
where p and q are small. We also compute the information flow 2.33 for large but finite T'.
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we detrend the time series of logarithm of government spending and estimate a simple regression which
yields pg = 0.97 and o¢g = 0.0213,

To determine the values of 6 and 7, the elasticities of substitution between different types of goods
and labor, respectively, we use data on average mark-ups'4. We set § = 4, 7j = 4 which is consistent
with the mark-up of 33%.

It is difficult to find a sensible value for the intertemporal elasticity of substitution, inverse of -,
and for the labor elasticity, inverse of 1. For example, in a simple DSGE model only small values of
v yield a positive response of labor supply to technological shocks which is consistent with empirical
evidence. However, micro data suggests that the elasticity is much smaller than one, implying a big
value for . We set v = 2 to match the estimates of intertemporal elasticity of substitution in Basu and
Kimball (2002) which are close to 0.5 (depending on the model specification). Following Mackowiak
and Wiederholt (2010), we set ¢ = 0 (utility is linear in labor)!5.

We use a standard Solow decomposition method to obtain the estimates of the level of technology
and a simple regression to determine the parameters governing the technological process. Since there
is no capital in the model, we only use effective labor (employment times hours worked) as a factor
of production. This procedure yields the standard deviation of the shock of 04 = 0.0069 and the
autocorrelation coefficient of p4 = 0.951. The parameters of the idiosyncratic technological shock
are taken from Mackowiak and Wiederholt (2010). Using price micro data they obtain p; = 0.3 and
o7y = 0.18.

We have to determine the coefficients in the monetary policy equation 2.21. It turns out that
¢r > 1 and ¢, > 0 are necessary conditions for uniqueness of the equilibrium. We take ¢, = 1.07,
¢y = 0.11, pr = 0.92 using the estimation results obtained by Giammarioli et al. (2008). We choose
these particular parameter values to model monetary policy as relatively mild. This implies that fiscal
policy effects are more distinct.

Finally, we must find values for p and A, the marginal cost of information for the firm and for
the household. This is tricky as there are no direct equivalents of these parameters in economic data,
especially that we want to interpret cost of information as welfare cost rather than monetary cost.
We thus propose the following procedure. We will exploit the fact that parameters p and A effect
directly the degree of price and wage stickiness in equilibrium. We treat the technological shock
as a benchmark shock. We solve a model which is identical to the model with perfect information
except for the existence of nominal stickiness in the form of Calvo price and wage setting. We set the
Calvo parameters, (r - the probability that the firm cannot change the price and (g —the probability
that the household cannot change the wage rate, to match a consensus in the New Keynesian DSGE
literature. It seems that (r = (g = 0.6 is near that consensus. We then choose the parameters p and
A numerically to minimize the distance between impulse response functions of price and wage reaction
to a technological shock in the two models (one with perfect information and Calvo-style stickiness
and one with rational inattention). One advantage of this approach is that the stickiness generated by
rational inattention in the case of the technological shock will be consistent with empirical evidence.

3 Results

In this section we discuss our main results. We focus on the fiscal shock as the effects of idiosyncratic
and aggregate technological shocks where analyzed in much detail in Mackowiak and Wiederholt (2010)
and Mackowiak and Wiederholt (2007). Nevertheless we present some graphs (impulse response func-
tions to an aggregate technological shock) in the Appendix. Our findings confirm the conclusions of
Mackowiak and Wiederholt (2010). Under rational inattention the prices are sticky, although apart

13In fact the estimated parameters vary substantially depending on the time period we choose. We take, somewhat
arbitrarily, an average value of those results. We later check the implications of changing the variance of the fiscal shock.

14See for example: Gali et al. (2011), Allayannis and Thrig (2001)

151t is important to stress, that this assumption is not necessary to solve our model, unlike in the case of the solution
method proposed by Mackowiak and Wiederholt (2010).
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from information processing constraints, there are no frictions in the economy'. The reaction of key
economic variables (like consumption or output) is humped-shaped. Also, firms adjust prices much
quicker in the cace of idiosyncratic technological shocks than in the case of aggregate technological
shocks - a pattern observed in microeconomic datal'”.

3.1 Impulse response to a fiscal shock

Figure 3.1 presents the reaction of main economic variables to a 1% deviation of government spending
from its steady state under basic calibration. The results are contrasted with the equilibrium under
perfect information to better illustrate the mechanics of rational inattention.

Figure 3.1: Response to 1% shock to government spending
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perfect information

Consider first the reaction of consumption. When all agents have perfect information, consumption
falls immediately on shock and then returns monotonically to its steady state. This is caused by the
negative wealth effect of increased government spending. Under rational inattention the wealth effect
is still in place, but since households allocate only limited attention to observing the fiscal shock,
they adjust their consumption expenditures gradually. Thus the reaction of consumption is hump-
shaped and initially weaker than under perfect information. After about 12 quarters consumption
under rational inattention falls short of consumption under perfect information. This is caused by
the fact that the households increase their debt (relative to the debt they would have under perfect
information) in the initial periods when consumption is higher and since suboptimal bond holding has
the tendency to grow over time (see equation 2.49), they eventually limit their consumption to repay
that debt. Summing up, rational inattention reduces the crowding-out effect in the short and middle
term.

161n particular price and wage stickiness does not depend on an arbitrary mechanism like the Calvo-style pricing and
wage-setting which rather assume than imply stickiness

17In fact the response to idiosyncratic technological shock under our calibration is visually the same as under perfect
information
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Consider next the reaction of firms. Under perfect information firms increase their prices immedi-
ately after the shock. When firms are rationally inattentive, the prices hardly react to a fiscal shock.
This can be explained by the fact that a mistake made by the firm when setting the price after an
increase in government spending is cheap in terms of expected loss in profits. Indeed, government
spending only accounts for a relatively small fraction of aggregate demand and the partial crowding-
out of consumption further reduces the effect on aggregate demand. Note that this irresponsiveness of
prices to fiscal shock coexists with a much stronger reaction of prices to technological shocks (especially
idiosyncratic). This is a property of the model that cannot be reproduced by conventional Calvo-style
pricing.

To explain the reaction of wages and labor note first that under perfect information households set
lower wages to induce firms to demand more labor and make up for the decrease in wealth. This is
despite the fact that increased government spending entails higher income taxes. As we show in the
Appendix, the optimal wage rate depends positively on consumption and aggregate labor supply. Under
rational inattention consumption is higher as a consequence of information processing constraints of
households, but there is an additional reinforcement effect. Higher consumption means higher demand
for the goods produced by firms, which is also boosted by lower prices set by firms. As a result firms
increase production significantly and demand more labor. This leads to an increase in wages.

In the absence of technology shocks output rises in accordance with labor supply. The resulting
fiscal multiplier under rational inattention is much higher than under perfect information. The con-
temporaneous multiplier is 0.91 compared to 0.31 when agents have perfect information. This value is
very close to estimates obtained by Blanchard and Perotti (2002) and other authors. We also conduct
the following experiment: we introduce Calvo price and wage setting to the model with perfect infor-
mation and search for the value of parameters (g and (y that maximize the fiscal multiplier. We find
out that under our simple specification and calibration Calvo stickiness cannot produce a multiplier
larger than 0.51'%. We can conclude that rational inattention is a simple and elegant explanation of
why the multiplier can be close to one. We show in the next section that it can also account for other
values of the multiplier.

Figure 3.2 gives some insight into how rational inattention affects individual decisions of households
and firms. We plot the actual decision under information processing constraints against the optimal
decision (under perfect information) but when aggregate dynamics is given by the equilibrium of
the model with rational inattention'®. Note the difference between Figure 3.1 and Figure 3.2. In
the first case the red lines indicate the equilibrium allocation that arises when all agents have perfect
information. The red lines in Figure 3.2 show what an agent would choose if he had perfect information
and all other agents acted under rational inattention. By comparing these two graphs we learn how
interactions between agents move the equilibrium under rational attention away form the perfect
information case.

Notice for example that the optimal price change for a firm in the rational inattention economy is
much smaller than for a firm in the perfect information environment. This is due to a complementar-
ity in price setting. When other firms issue lower prices, the firm, interested only in relative prices,
also sets a lower price. The optimal wage rate in Figure 3.2 illustrates the point made earlier that
higher consumption and lower prices increase employment and make a rise in wages optimal. Under
information processing constraints the wage rises only slightly resulting in the behavior of wages de-
picted in Figure 3.1. Finally, the optimal reaction of consumption is somewhat weaker than in the case
when all agents have perfect information. This is a consequence of a different behavior of the interest
rate. In the rational inattention equilibrium, the interest rate is lower due to lower inflation. This
induces households to substitute future consumption for current consumption. As a result, optimal
consumption is higher in the initial periods.

180ne can increase the multiplier easily by increasing -, the inverse of the intertemporal elasticity of substitution. But
a value of v much higher than 2 would be at odds with empirical evidence.
19Whenever we make a simulation of this kind, we assume that the realization of noise is zero in every period.
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Figure 3.2: Optimal reaction under perfect information and under rational inattention
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Note one important limitation of rational inattention in the context of fiscal policy. Many empirical
studies based on the VAR approach find that consumption reacts positively to fiscal shocks (see for
example Mountford and Uhlig, 2008, Blanchard and Perotti, 2002, Fatas and Mihov, 2001). Without
further modifications our model cannot explain why consumption would rise in response to a fiscal
shock. This is clear when we combine two facts. First, under perfect information it is optimal for
the households to decrease consumption. Hence, if rational inattention were to account for rising
consumption, the deviation from the optimal choice would have to be large and hence the information
flow would have to be small. The second fact is connected with the properties of mutual information.
Information flow is small when the variance of noise is big in comparison to the variance of the pure
signal. What matters for information flow is therefore the magnitude rather than the sign of the
coefficients in the lag polynomial. A positive reaction of consumption cannot be therefore optimal,
because decreasing the positive coefficients in the lag polynomial towards zero would both decrease
the expected utility loss and the information flow.

3.2 The effect of changing the variance of the shock

In this section we analyze the equilibrium of the model with rational inattention for different values
of the variance of the fiscal shock. The variance of the shock plays a crucial role in determining the
optimal allocation of attention. Since the objective of the firm and the household is a quadratic function
of the difference between optimal and actual decision, and since those decisions are expressed as MA
processes based on innovations to government spending £, the variance of €f enters directly into
2.35, 2.42 and 2.47. When the variance increases, the potential welfare or profit losses are greater and
the agents allocate more attention to observing the fiscal shock. This has implications for aggregate
dynamics.

Figure 3.3 presents the reaction of the economy to a 1% deviation of government spending from its
steady state for different values of standard deviation of the fiscal shock?® (pg = 0.01, 0.04 or 0.07).
When the variance of the shock is low (oG = 0.01) both firms and households pay very little attention
to fiscal shocks. The equilibrium attention level x is approximately 0 for the price-setting decision of

20This may be somewhat misleading. The actual shock in all three cases is normalized to 1%, the difference lies in the
characterization of the stochastic process governing the behavior of government spending.
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firms, 0.0006 for wage-setters and 0.13 for composite consumption decision of consumers?!. As a result
consumption reacts slowly and wages and prices are practically completely stiff. This implies that the
crowding-out effect is significantly reduced and the rise in output is greater. When the variance of
the shock rises, so does the equilibrium attention capacity. For firms x equals 0.1 when o = 0.04
and 0.18 when og = 0.07. The corresponding numbers for the wage-setter are 0.14, 0.18 and 0.5,
0.85 for the consumer. Consumption reacts more quickly and strongly and the prices exhibit a slight
increase. Wages fall eventually, although they still have a tendency to rise right after the shock. The
crowding-out effect gets stronger.

The contemporaneous fiscal multiplier is 0.97 when o = 0.01, 0.79 when og = 0.04 and 0.67
when og = 0.07. The effectiveness of fiscal policy (its ability to influence real output) depends on
the variance of the fiscal shock. Note that the parameter o2 that the agents use in their optimization
should rather be interpreted as expected or perceived variance. Therefore, the perceived stability of
fiscal policy may influence its effectiveness. For example, when fiscal policy is seen as stable, agents pay
little attention to fiscal shocks and the crowding-out effects are small. However, when fiscal policy gets
volatile, agents allocate more attention to observing fiscal shocks and its effectiveness is reduced. This
is an important conclusion in times like the financial crisis when we witnessed massive fiscal expansions.
The theory of rational inattention suggests that they might have been less effective, because agents
allocated more attention to making decisions related to fiscal policy.

Figure 3.3: Response to 1% shock to government spending (different variance of the shock)
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There are some formal problems with this reasoning. First, one should be more precise about
the interpretation of o2 and try to explain how the agents formulate their expectations about the
actual variance of the fiscal shock. Second, the form of households’ and firms’ problems does not allow
reallocation of attention. When we compared the three cases above, we simply treated them as three
different scenarios. It would be interesting to see how the agents behave when the volatility of fiscal
policy changes in the course of economic life. Third, in order to account for different values of the

21Note by the way that these numbers suggest that the choice of composite consumption is by far more important for
the household than the choice of wage rate.
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fiscal multiplier, the variance of the shock had to be changed by quite a large amount. To explain the
values of the multiplier closer to 0.5 the variance would have to be unreasonably high. We address all
those issues in Section 4.

Note that we could conduct a very similar analysis changing the cost of information flow, A and u.
Lower cost of processing information induces agents to increase the level of attention, thus reducing
the effects of an increase in government spending. Since parametrs A and p are tricky to estimate
and have no good equivalents in the real economy, we cannot trace the way they evolved in the last
decades, but with the fast pace of technological progress that we experiencd (widespreading computer
and Internet usage in particular) we could probably agree, that they tend to fall. We come to a
surprising conclusion. The effectiveness of fiscal policy may decrease with the development of efficient
methods to process information, or equivalently, over time. Such a phenomen was actually described
in the literature. Bilbiie et al. (2006) show that the effects of fiscal expansions are weaker after 1980
than they used to be earlier.

3.3 Fiscal-monetary policy interactions

We now change the parameters of monetary policy rule 2.21 and analyze the consequences for equilib-
rium under rational inattention. This exercise casts some light on the interactions between fiscal and
monetary policy under information processing constraints.

Figure 3.4: Response to 1% shock to government spending (alternative monetary policy rule)
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perfect information rational inattention

We set ¢ = 1.5 and ¢, = 0.5. Consider Figure 3.4. Under perfect information, prices and the
nominal interest rate fall as a response to shock. Other variables behave almost identically as in the
case of baseline calibration (see Figure 3.1). This is due to the fact that the real interest rate that
matters for consumption is similar in both settings. However, the allocation under rational inattention
is significantly different.

When monetary policy is more aggressive, prices fall as a response to a fiscal shock. Since firms
are only interested in relative prices, it is optimal for an individual firm to lower its price as well. As a
consequence of information processing constraints prices (at least initially) fall less than they should.
This in turn implies that the nominal (and real) interest rate is higher and this dampens consumption.
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Hence, when monetary policy is restrictive, rational inattention on the side of firms increases the
crowding-out effect. Since rational inattention on the side of households decreases crowding-out, we
have two effects working in opposite directions. As a result, the fiscal multiplier is reduced to 0.7
(compared to 0.91). Consumption, output and labor supply fall short of their perfect information
equivalents much sooner.

Furthermore, more aggressive monetary policy alters the allocation of attention. Under baseline
calibration, equilibrium attention level x is 0.07 for the price-setting decision of firms, 0.1 for wage-
setters and 0.24 for composite consumption decision of consumers. When we change the parameters
of monetary policy the numbers become 0.29, 0.25 and 0.39. That explains why the reaction of wages
in Figure 3.4 is much closer to the perfect information case than it is in Figure 3.1. This also means
that under more restrictive monetary policy pricing errors made by firms become much more costly in
terms of expected profits.

We can conclude that under rational inattention, aggressive monetary policy (in this context ag-
gressive means inducing the prices to fall after fiscal shock) has a stronger adverse influence on the
effectiveness of fiscal policy.

4 Dynamic allocation of attention

This section introduces a new approach to solving the attention allocation problem of agents. To the
best of our knowledge, nobody has yet studied the possibility that agents may allocate their attention
in every period. It has rather been assumed (as in this paper) that agents choose their level of attention
in the initial period once and for all. It turns out that allowing for dynamic allocation of attention
increases the potential of the model to explain various economic phenomena. For example, Mackowiak
and Wiederholt (2007) conclude that rational inattention cannot explain why prices sometimes stay
fixed for some periods after a shock before they react (as indicated by micro data). We show that
when agents choose attention level dynamically, prices may stay practically fixed for some time and
then react to a shock quite strongly. Besides, the modifications proposed here address the concerns
aired in section 3.2 and formalize the idea that the size of the shock matters.

An additional motivation for this section is a simple observation, that economic conditions are
likely to influence the amount of time and energy that agents sacrifice in order to make economic
decisions. When the economy becomes volatile, as it did for example during the financial crisis, the
optimal allocation of attention may change, simply because the expected welfare or profit losses caused
by bad decisions become greater. On the other hand, when the economy is stable for a long time (say,
there are no fiscal shocks), the level of attention may decrease over time. Our modification captures
this intuition.

The model presented below is a little bit stylized, but the aim of this section is to point out a
problem in an approachable way. We leave a rigorous treatment and incorporating this idea into
general equilibrium for future research??.

Let us start with a straightforward observation. Assume that there is a shock ey ~ N(0, 02) in
period 0 and that afterwards agents observe a signal of the form bgeg + corp, where vy ~ N(0, 1)
represents noise. This is a situation that takes place in the model presented above one period after the
agents have chosen their allocation of attention?® (actual decision plays the role of a signal). Notice
that in period 1, we have

2 2 2 2
g bgo (boeo + coto)

4.1
6802 + 0(2) bga2 + cg bga2 + 0(2) (4.1)

]E[Eg“)ofo + CQV()] = 0'2

Depending on the signal-to-noise ratio and the realization of g and vy the above number can be
greater or smaller then o2 which is the expectation of e before observing the signal (in period 0,
2

bga2
2 and Ro?r play the role of

when allocation of attention is chosen). Note that the expressions b2020+c
0

22The reason we don’t do that now is that using the same method to search for equilibrium as before but with dynamic
allocation of attention would yield an extremely time-consuming algorithm that would be of little use in practice.
23Given that all the realizations of the shock before period 0 were 0
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weights. For example when cq = 0, E[e2|boeq + cor] = €2. This shows that when the realization of the
shock in a given period is high and optimal decision in the current period depends on the realizations
of shocks in previous periods, agents would like to reallocate attention, simply because they realize
that they underestimated the magnitude of potential losses due to suboptimal decision.

We will make an assumption concerning the way agents estimate and forecast the variance of the
shock o2. This problem was hinted at in section 3.2. So far we have implicitly assumed that agents
know the actual, objective variance o2. Instead, we now assume that agents have a prior belief about
variance and let the agents formulate expectations of future 2 on the basis of already observed signals.
By signals we mean actual decisions of the form 2.39, 2.45 or 2.51 which provide information about
past realizations of e;. Let y; denote all signals observed between periods 0 and ¢ (including ¢) (for
-t

example for a wage setter we have y; = (QZJ;[O, ol wjt)). To keep the model simple we assume that

1 e
agents received n signals suggesting that the variance is o before period 0 and in every period ¢ they

set

t—1

1

E[5?+s|yt] - 77/7‘” <n02 + ZE[512|yt]> s = 07 11 2a (42)
=0

This means that agents assume that future variance of the shock will be equal to the variance estimated
from available data. Parameter n can be seen as the persistence of the prior belief about the variance.
The estimation technique is primitive and we do not claim that it is optimal. However, in our view it
illustrates the problem quite well.

We can now state the optimization problem. Take for example the problem of the firm 2.35 -
2.41. We simply assume that the firm solves this problem in every period ¢t > 0, with the expectation
operator changing to F;; accordingly. The firm computes F; ;2 using conditioning analogous to 4.1
(taking into account all available signals) for s < ¢t and expectation technology 4.2 for s > t. Note
that in every period the firm chooses whole lag polynomials (see equation 2.39), but only the first
coefficients matter for behavior, as new lag polynomials will be chosen in the next period. We can
modify the problems of the wage-setter and of the consumer in a fully analogous way.

There are several shortcomings of both theoretical and practical nature of the proposed approach.
For example, the mutual information operator of the form 2.33 measures average per-period information
flow between two stochastic processes. The actual information flow in a given period may be higher
or lower. When we solve the attention problem dynamically we continue to use the operator 2.33,
although the chosen stochastic processes only provide information flow in the current period (in the
next period new stochastic processes are chosen). This means that the actual information flow may not
satisfy the constraint 2.41. One way to fend off such criticism would to be argue that agents solving the
attention problem in any given period t do not expect to change their decision in the following periods
and treat the chosen stochastic processes as describing their decision from now on. It is the signals in
consecutive periods that make them change their mind as they realize that their estimation of the real
variance may have been wrong. This also means that agents do not behave strategically taking into
account the influence of the today’s choices on future accuracy of signals. Another problem arises due
to the fact that we always have to make an assumption concerning the realizations of shocks before
the initial period in which the decision is made. So far we have assumed that the realization was a
vector of zeros. Now this issue becomes more cumbersome. Not only is this assumption contradictory
to the fact that agents observe n signals suggesting that the variance is o2 before period 0, but it also
causes the attention level to rise over time. To see this note that in every period ¢t > 0 additional
terms enter into the objective 2.35 as the non-trivial (non-zero) history of the shocks (o, €1, ..., £t—1)
gets longer. Because the information flow constraint does not depend on the particular realizations of
shocks, the expected loss in profits due to suboptimal decisions rises in comparison to the information
processing costs. This induces firms to increase the level of attention. To get rid of this effect, we
make an (admittedly schizophrenic) assumption that in every period ¢t > 0 all terms E;e? for s < t are
zero in the objective 2.35%4. Difficult as this assumption may be to justify, it makes the presentation
of the results far more clear.

24 Although the firm uses the actual value of Etag to estimate the variance of the shock. That’s why we called the
assumption schizophrenic.
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The remainder of this section is devoted to discussing two applications of the proposed modification.
We first study dynamic allocation of attention by a consumer choosing composite consumption. We
then check how it changes the price-setting behavior of firms.

4.1 Dynamic allocation of attention by the household

We study the optimization problem of the consumer (choosing composite consumption) when the
aggregate conditions are given by the benchmark rational inattention equilibrium described in section
3.1. We conduct an experiment analogous to the one depicted in Figure 3.2, but we now let the
household choose attention level k£ dynamically as described in the previous section. Two cases are
considered. In the first scenario the fiscal shock is very big, ¢ = 0.3 In the second, we consider a
small shock, € = 0.001. The results are presented in Figures 4.1 and 4.22°.

Figure 4.1: Dynamic allocation of attention - big shock
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Figure 4.2: Dynamic allocation of attention - small shock
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25We set n = 5.
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Consider first the reaction of consumption when the fiscal shock is big. Consumption returns to its
optimal level very quickly, already in the third period. This is caused by the increase in attention level
k from the initial 0.24 to 0.35. Note that attention capacity falls in the second period although the
shock happens in period 1. An explanation of this surprising fact is quite simple. The agent uses her
decisions as signals. In the first period, the reaction of consumption is very weak and it thus provides
little information about €§'. More formally, the first period decision has a small signal-to-noise ratio
and thus the consumer puts little weight on the observation made in the first period. In the second
period, consumption reacts more strongly to the first period shock (providing a more accurate signal)
and the agent is able to estimate the value of €f more precisely. As he realizes that the square of £f
was much greater than his initial belief ¢2 he updates his estimate of future variance according to 4.2.
This induces him to increase attention level. Because the realization of shock is zero in all periods
t > 1, the attention capacity then gradually decreases.

When the shock is small, the picture is completely different. See Figure 4.2. Now the agent
systematically lowers her expectation of the variance of the shock as new signals arrive. The attention
level falls over time. As a result, consumption takes much more time to reach the level it would reach
if the household had perfect information.

This suggests that the effectiveness of fiscal policy may depend on the size of the shock. As long
as the shock is small, agents allocate little attention to observing it, consumption stays high for many
periods and the effect on real output is greater. However when fiscal authorities want to boost the
economy tapping a huge fiscal stimulus or increase spending significantly due to war expenditures,
agents increase their attention capacity and consumption falls very quickly weakening the impact of
fiscal expansion.

We thereby proposed an explanation of why different empirical studies find varied values of the
fiscal multiplier. When the focus of the study is on war episodes and defense spending, the shocks
in question are bigger (we find that the variance of log-deviated defense spending is larger than the
variance of non-defense spending). The estimates should therefore be lower. This does seem to be the
case in the literature, as indicated in the Introduction.

4.2 Dynamic allocation of attention by the firm

We now examine a behavior of the firm choosing its price when aggregate conditions are given by the
benchmark rational inattention equilibrium described in section 3.1. In order to show that prices may
stay practically constant for some time and then react we consider the following situation. First, there
are no shocks for a couple of periods. Then, for some reason, the economy gets volatile and we observe
a series of shocks of considerable magnitude. For the sake of legibility of the graph we assume that
the realization of shock in every consecutive period is equal and positive (¢ = 0.2), but this is not
essential for the main conclusion to hold (what is important is that the shocks are large in absolute
value). Figure 4.3 presents the results of this experiment. Note that this time, unlike in Figure 3.2,
we plot the price level, not the price change. We also depict the estimated standard deviation of the
shock instead of attention level. Obviously, these two quantites are closely related.

The price level reacts to the shocks with a lag of about three periods. This is caused by the fact
that the attention level is very low after a long time of lack of movement in the economy when the
first shock strikes. Only gradually does the firm realize that something is going on and it increases its
attention capacity. The process is slow at first because a low level of attention means that the decisions
of the firm convey very little information about the state of the economy. Then it is sped up by the
interaction of higher estimated standard deviation and higher level of attention. Higher expected
variance induces the firm to increase attention capacity and higher attention capacity increases the
informational content of the decision of the firm and triggers faster variance updates. As a result,
prices rise.

Although the above example is very stylized, we believe that it illustrates quite well the reasons
for which firms may not change prices. When prices stay fixed for some time because there is no need
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Figure 4.3: Dynamic allocation of attention by the firm
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to change them (there are no shocks), decision makers may get used to this situation and start to pay
less attention to market conditions (lower their attention capacity). When a shock finally occurs, it
thus takes them some time to notice it. Hence prices react with a lag.

5 Conclusions

We presented a dynamic stochastic general equilibrium model with rational inattention and studied the
implications of information processing constraints for fiscal policy. We showed that rational inattention
decreases the crowding-out effects of fiscal expansions and can provide an explanation of why the value
of the fiscal multiplier may change over time and why its estimates based on war episodes and defense
spending are generally lower that others. It also casts new light on fiscal-monetary policy interactions.
An innovative approach to look at attention allocation has been proposed - we argue that allowing the
agents to choose the allocation of attention every period increases the potential of the model to account
for various economic phenomena. One of the main conclusion can be summarized in a statement that
the size of the shock matters.

The model has some drawbacks. First, dividing the household’s problem into two subproblems,
although not uncommon in economic literature, is somewhat unjustified in the context of rational
inattention as it requires a strong assumption that processing information to decide about wages and
processing information to choose consumption are separate and unrelated activities. Such assumptions
are often made in models with rational inattention, but also often criticized (see Sims, 2010). Second,
the model cannot explain why consumption could rise in response to an increase in government spend-
ing. There are several explanations of this phenomenon in the literature (rule-of-thumb consumers -
Gali et al., 2007, non-separable utility function - Monacelli and Perotti, 2008, deep habits - Jacob,
2010). It would be interesting to see how rational inattention interacts with one of these concepts.
Third, there is no capital in the model. Adding capital to the model is unlikely to change the main
conclusions of this paper, but there is an open question of how investment would react to a fiscal shock
under rational inattention.

Extending the model is troublesome because of lack of computationally effective methods to search
for equilibrium. Finding such a method is a challenge for future research. Related to that issue is
the problem of incorporating the concept of dynamic allocation of attention into a general equilibrium
model.
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Technical Appendix

A. Derivation of the household’s optimization problem

The derivation of the household’s problem is almost identical to the derivation in the Appendix to
Mackowiak and Wiederholt (2010). Nevertheless we present the solution in detail for the sake of
consistency of this paper.

Under perfect information the household solves the problem 2.1 subject to 2.2 - 2.4. We guess (the
guess will be verified) that the demand function for labor d.,(W;, Wy, L;) takes the form

Ly = (Wﬂ> L (1)

We define new variables

(-2)

Defining T’y = 1 — 77 with 73 = log 't —log(1 — 7%) where 7% is the steady state wage tax rate, we can
express the budget constraint as

I
A Dy Ty
Cjt ;P)itcijt +Bjt =Ri_1Bji—1 + — 77 + Ty Wi Ljy (.3)
We determine Cj; using the above equation
Riy_1Bji—1 — Bj + 2t — L + T\Wj Ly,

Cj = (4)

Zi:l Pitcijt

We divide the numerator and denominator by the aggregate price level P; (the tilde denotes real
variables, e.g. Bj; = %")

BBy = B+ 5 — 2+ TuW, Ly,

(-5)

Note that ,
NCESY
1= Z Ce (.6)
=1

Using all the above relations we can write the instantaneous utility function as
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Now we log-deviate the utility function
~ - - - . 1_,\/
1 %e"*lfﬂt*bﬂfl - Bjebif + ? 4 — f‘e + F Le(1 MWty e+
1—n -1 ¢ -1 05k, 7
1 Z eP e + eP” ([ _ Zl e’ ”t) (8)
N
_ 1 _ ¥ (I/I/j L) 6_77(1+¢)(7I1jt_u~’t)+(1+w)lt
11—y 147
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1=y

We use steady state relations to get
lefv WTB re_1—mitby, 4 7w365jt +wD€Jt — wpett 4 Twyye=m @@+t
]. - _ ~ N ~ _ —1 4 -1
' FEI ettt e (1= I e o) (9)
1=y
_ 1 _ Cj n- 1FWWe—n(1+w)(ﬂm—w1)+(1+¢)h
-y 149 n
(.10)

LY,
Cj

)

M o
‘K\ ~:

where 5
( )= (2.
WB, WD, W, W —
B, WD, WT, W C, ¢ 0y
Next we derive a log-quadratic approximation of the objective function around the steady state. Let
) éI—1j7§)

jts Cl]ta .
s Prt)

(bjt7
, - o
Zt = (Tt 1, T, wt7 lta dt7 tt7 Thpltv
x; gathers choice variables and z; gathers exogenous variables.
0,...,0)

(

To include l;]t 1 let us define for convenience
¥, = b1
Let g denote a function that we get by multiplying the instantaneous utility function by §¢ for each
t > 0 and summing up the obtained expressions from 0 to co (discounted welfare). Let § denote its
second order approximation around the steady state. Then
E; 1 [9(x—1,20,20,21,21,...] =
= try/ 1 1 / 1 /
E; 1[9(0,0,...,0) + Zﬂ (hpxe + Wz + thHa;ﬁﬁt 1+ zv Hy oz + §-Tth,133t+l
t=0
1 1 1 1 (.11)
+§xéHa:z 0%t + x;szﬂzt«Fl + Ethz 0%t + /Hzm,flxtfl + izéHza:,Owt]
_ 1 1 1
—l—ﬁ 1(}7/71.%‘,1 + 2$L1H71.’E,1 + §$L1H$71£L‘0 + §$L1Hg;z712’0)}
where the matrices H’s and vectors h’'s denote the appropriate derivatives. Under some technical
conditions®® (See the Appendix to Mackowiak and Wiederholt, 2010 for details) and using the fact
that some of the derivatives are identically zero we can write
Ej —1 [g(ﬂj_l, Lo,y 205, L1, 21, ] = g(O 0 ceey O)—|—
Zﬁt -1l 2] + tzg/@tEg 1|z Hpazeq] + Zﬁt j—1 2$tHx 0%t)
1
thz 02t

00

Z/B ],—1 h xt +

t=0 t=0

+ZB E] —1 thrz OZt + Zﬂ E] —1 xtsz 1Zt+1 + ZﬂtE ,—1
t=0 t=0
1T-1 + -z 1H_1I’ 1 +QZ’ 1Hz71$0+$/_1H$2712’0)]

(

t =
E [h + Hm —1%4_q + H OZE: + Hz,l-r;rl + Hmz 0%t + Ha:z lzt+1]
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26The conditions basically say that the variables in question cannot rise too fast in time

(12)

+B87 E; 1 (W
Now define the process {x}}72_; which in every period ¢ > 0 satisfies the first-order condition of
maximizing .12 (E; denotes the expectation operator conditioned on information available in period t)
9 = 0



with * given by (i)j)fl, 0,...,0)
Multiply .13 by (z; — «7) (this term is not random given information at time )
Eyl(xy — x7) (he + Hy,—127_1 + Hyox) + Hy1@f ) + Hae 02t + Hyen2e41)] = 0
Using the law of iterated expectations we get
Ej _1[(xt — 7)) (hg + Hp,—1x;_y + Hy oy + Hy 1@y 4+ Hez 02t + Hyz12e41)] = 0
or
Ej1[(zy — 27) (he + Haz o2 + Hoz12041)] = Ej-a[(we — 27) (Ho, 2127y + Ha o2} + Hepayyq)] ((14)

Now we will express the optimization problem of the household as minimizing the expected loss arising
from a suboptimal choice x;.

E]‘)_l [§($_1,$0,20,$1,Zl, ] — Ej,—l [g(w*_l,:zzg,zo,x’{,zl, ] =

oo

1 1
ZBtEj,—ﬂ%ngz,ﬁtH + §$2Hz,0='ft —af Hyaa),q — ixt*’Hx,ox:]+
t=0
oo
ZﬂtEjvfl[(l't - l’:)(hm + sz,OZt + sz,12t+1)]+
t=0

_ 1 1 1
ﬂ lEjv_l(hl_lﬂj_l + §II_1H—1SC—1 + 51‘/_1]‘[@711’0 + 517/_1sz,120)]7
1
ﬂilEj,_l(hl_liliil =+ izle—lxil =+ l‘ille’ll‘S =+ iliillezJZ())]
Using the expression .13 and the fact x_; = 2*; we have
Ej,fl [g(xfhx(h 20,215 21, ] - Ej,fl [g(mila (ES,ZO,I'T, 21, ] =

o0

1 1
t ! / ! * */ *
g B'E; 1| Hy 1T + ixtHw,oxt — ' Hy1xf ) — 3% Hyox}]—
t=0

> B'Ej (@ — af)(Hyax)_y + Hoox] + Hoaxp )]+
t=0

BVE; 1 (2 Hy (o — )

Using equation .14 we finally arrive at

E; _1[g(x—1,20, 20,21, 21,...] — Ej 1 [g(xil,xa,zo,ﬂ,zl, ] =

oo

1
> BB alg (e — a}) Hoo(we — ) + (20— 27) Hoa (2001 — 274)] (15)
t=0

After some tedious arithmetics required to compute the derivatives we are ready to characterize the
solution to the houshold’s problem under perfect information.
The loglinearized equation for ¢, (from 2.2) is

wB = = = - - -
cjt = ?(rt_l — T+ bjt_l) —wpbj, +wpd, —wrt;, + Tww ((1 - n)wjt +nw, + e + 1)

Using this result and equation .13 we get the first equation characterizing the solution

* * 1
e — Ejaciig = -3 (re = Ejamiqa) (.16)
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The second equation is
yej, — (L+ny) @Fy + np, +Ply — 7 =0
or s " .
~ i ~ Y *
= w; + Iy + Ciy — T
L T T T e L U

The rest I — 1 equations are of the form

g

(.17)

-1
E > G =—0(py — pp) fori=1,2,.... 11
k=1
Simplifying
-1 1
Zé;jt =—0 (I Zﬁit - ﬁft)
i=1 i=1
After substitution ,
- . 1 R
Cije = —0 (pit i Zpit> (.18)
i=1

Note that equation .18 enables us to derive the demand function for different consumption goods. 2.22
and 2.24 imply that Zle P;: = 0. Hence

Cijt = Cije — Cjy = — 0Dy (.19)
Summing over j and dividing by J yields?”
cit — ¢ = —0py, (.20)
Coming back to original variables
Cit = P;°Cy = de(Py, Pr, Cy) (.21)

We can now derive the optimization problem of the wage-setter 2.42 - 2.46 and consumer 2.47 - 2.54.
The objective function is given by .15. Note that the way we derived .15 implies that this expression
is always negative and equals zero if and only if the agent chooses the optimal bond holding, wage rate
and consumption mix. Since the expression E; _1 [§(z* |, x§, 20, ¢}, 21, ...] is exogenous from the point
of view of the household, maximizing .15 is equivalent to maximizing F; _1 [§(x_1, %0, 20, T1, 21, ...)-
Instead of treating the total level of attention, x, as a fixed parameter, we let the household choose it
optimally. Therefore we subtract the welfare cost of information ﬁ/ﬁ from .15%® arriving at 2.42 and
2.47. The only difference between these two expressions is that in the first case we let the agent choose
the wage rate and treat other choice variables as given and in the second case we treat the wage rate
as given and let the agent choose the remaining variables.

We get equation 2.44 from .17, equation 2.50 from .16 and equation 2.52 from .19. The only
condition is that we can express those variables as a MA process based on the innovations e}, ¢
driving the aggregate shocks. This in turn is possible if such a representation can be found for aggregate
variables 7, m¢, W,, {; and 7. We show that this is possible later when we characterize the general
equilibrium of the model under perfect information. Now we restrict the choice of wage rate and
composite consumption to the form 2.45 and 2.51 and the choice of consumption mix to the form 2.53.
This means that the actual choice can be seen as a sum of a pure signal and noise. The existence
of noise allows the agent to regulate the precision and informational content of his actual decision
which in turn determines the value of the objective function and the corresponding information flow.
Note that we exchanged the choice of bond holdings for the choice of composite consumption. This is

27Note that after loglinearization c¢;; = % ijl Cijit
280ne has to admit that this way of including the cost of information in the objective function is a little bit ad hoc.
However, it has a big advantage that utility is linear in the attention level x, which greatly simplifies solving the model.
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allowed thanks to equation 2.49 which follows directly from the budget constraint and the assumption
that initial bond holding is zero.

A natural question arises whether restricting the decision to the form 2.45 and 2.51 is binding, or
put differently, whether such form (in particular the Gaussianity of noise) is optimal. Unfortunately we
don’t know the answer to that question. Some insight is provided by a result proven by Mackowiak and
Wiederholt ? that the form: pure signal plus Gaussian noise is optimal when the objective function is
quadratic and the optimal choice follows an AR(1) process.

Finally, we add the information processing constraint 2.46 and 2.54 completing the specification
of the maximization problem of the household. We use mutual information 2.33 to quantify infor-
mation flow between the actual and optimal decision. Since we assumed that choosing the wage rate
and choosing composite consumption and consumption mix are separate activities, we can divide the
information flow constraint into two independent constraints: one restricting the information flow in
the wage-setter problem and one restricting information flow in the consumer problem.

B. Derivation of the firm’s optimization problem

Since the derivation of the firm’s problem is analogous to the derivation of the household’s problem
we will skip most of the details and only sketch the main results.
The firm solves the following problem

oo J
max Bi 18D Q| PuYi— > WjiLij (:22)

{Liteseon Lise. Pu}io — =
subject to
Yir = e®te®t LY, (.2
Yie = Git + Cit (.2
Cit = de(Pyy, P, Cy) (.25
Git = dg(Pit, Py, Gy) (.2

_ L .
it = To- After some algebra

We use the assumption 2.19, 2.11 equation .21 and introduce variables L
we arrive at the unconstrained, equivalent problem

Q=

PO(Cy+ Gy)

eat eQit

ﬁmax . E; 1 ZﬁtA() ﬁiltfe(ct + Gy) —

e Loy P YiZo

{L =1

J—1 J=1 -1\ -1
Z ngt + WJt (1 - Z L’th )
j=1
where A(...) = A(Cyy,y ..., Cre).

Next we log-deviate the objective function (denote this function f) and use its second order ap-
proximation (f). Let

zy = (Dye iilt? e lAi(JA)t) (-28)
2y = (Qt, @ity Cty Grs Wygy -+ W) (:29)

Then
f(xe,20) = £(0,0) + hlay + hlz + %x;Hzxt + %zgﬂzzt + 2 Hyo 2t (.30)

Under conditions analogous to those presented in the derivation of the household’s objective we have

1
Ei § Bt f ( (0,0) + hlzy + hl 2 + thH =Tt + 2z£szt+x;Hmzt) —
>, 1 1, ,
= g £(0,0) + ALz, + Rz + 2xtH =Ty + 2thzzt +xyHypze
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The necessary and sufficient condition for optimal x;, denoted z}, is
h!,+ Hyxf + Hypoze =0 (.31)

Using z} we express the objective of the firm as minimizing the expected loss from suboptimal decision

Ei ;ﬂtf(‘rtv 2t) — gﬁtf(xfa Zt)] = ;ﬁtEi,—l [;(xt —ay) Hy (g — mf)} (.32)

Computing the derivatives and using steady state relations enables us to characterize optimal solution
according to .31. The first equation of the system .31 reads

1 1o e 1 1<
D=1 fra = (a; + ai) + Hel%act +1 Hl%agt +1 HITTajj;wﬁ (.33)
The remaining J — 1 equations are of the form
J—1
Do+ D> Iy = =iy, —by,) for j=1,2,..,J — 1 (.34)
k=1
Simplifying R
lije = —mbyjq (-35)
Using the facts + ijl Wy = Wy, Wy = Wj;, — Wy, summing over ¢ and dividing by I yields
ljt — lt = —mbjt (36)
or in the original variables X
th - Wj;nLt - dw(th, Wt, Lt) (37)

Thereby we have verified the guess .1.
Collecting .32, .33, .35, introducing the information flow constraint, subtracting the cost of infor-

mation #5+ from the firm’s objective and restricting the actual decisions to 2.39 and 2.40 we arrive

at the problem 2.35 - 2.41.

C. The equilibrium of the model with perfect information

In this section we characterize the equilibrium dynamics of an economy in which all agents have perfect
information.

We start by deriving the equations describing the behavior of fiscal and monetary authority. Di-
viding 2.13 on both sides by P;, using the definition I'y = 1 — 7 and 7z = logT's — log(1 — 7*) and
loglinearizing yields

0 ~ ~ - w -
ﬁb(rt_l — T4 by_1) + Oggi = Opb, + 70w L (B, + 1) — (1 — 7°)0w 71 + 071,
where - _ _
WL B T
QWL—Tveb—?aeT—?
07 can be determined using the fixed parameter 6,
1-46
O =7%0 a
T=T OwL 0
0y is related to wp in the following way
LB B,
¢, C 0.
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Ow 1 can be calculated directly from the steady state values of W, L and Y which we don’t report
here.
Loglinearizing 2.14 yields

S50y (s¢ + g¢) = T OwL (W, + 1) — (1= 7)0w T + Ort,
where S* is determined endogenously from

. 0w, + O

S‘k
Og
To get rid of #, we use the assumption
97— TthtLt

1- 97’ B Tf

which implies
10, N "
HTtt = ) (’T GWL(wt —+ lt) — (]. —T )GWLTt)

As a result we get
0 0
S*0,(s¢ + g¢) = Tluﬂ(u?t +4L)—(1-7Y) WL

0. 0.,
and the budget constraint
~ 1 ~ 0 TwQWL - (1 *Tw)GWL
b, = =(ry_1 — b g — = l ALl L)
t ﬁ(rt 1 T+ t—l) + ebgt 97_91) (wt + t) + 97_01) Tt
Loglinearizing 2.15 we get
S*sp = wyy
As a last step we express the tax rate as a function of ¢, ¢, I and W,
wl, + 5%)0.60 wf,0,0. Tv
Tt:—( . ) g, — . Ct )
(1_Tw)9WL (1—7’1”)9‘/(/]; 1—7w
Loglinearizing the monetary policy rule 2.21 yields
re = prri-1 + (1 = pr) (=T + Oy) (:38)

Now we will use the results of households’ and firms’ optimization to complete the description of the
equilibrium.
Equation .33 together with EiI:I Py =0, wy = % Z}]:1 wj and Zle a;+ = 0 implies

0="0.(1-a)et +0,(1 — )gs + oW, — ay (.39)
Using .17, summing across j and dividing by J yields?’
Wy =l +yce — 7 (.40)
Equating production 2.6 with demand 2.8 and aggregating allows us to express labor supply as

0. 0 1
lt = —c + igt — —Qg (41)
[0} [0} [0}

29When interpreting this equation one should remember that the definition T’y = 1 — 7;¥ implies that 7 falls when the
tax rate 7" rises.
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The above equations are sufficient to express consumption as a function of exogenous variables and 7;

1+ 0,(1 —a+1) «

ct = ar — + 42
Th—ar )t T a0 —atv)rar” T ol—a+ )t 42
Aggregating the Euler equation .16 we get
1
Ct — Etct+1 = —; (Tt — Etﬂ-tJrl) (43)

After some more algebra we arrive at a system of equations that fully characterizes the dynamics of
the economy

Ct — Etct+1 = —; (Tt — Etﬂ-t-l-l) (44)

Tt = PRTt—1 + (1 - pR)((bﬂ"]Tt + (bygcct + ¢yeggt) (45>
ay = paai—1+ 624 (.46)

9t = pagi-1 +ef (.47)

ct = Wiar — Vagy (-48)

where .
01— 7)(1+ ) — af (1 - L0500 )

9WL
0 ) ot (1)
(1—79)(1+ )
(1= 72) (Bc(1+ ) + av) — abe (1 w%)

Owr

U, =

Uy =

D. Optimal consumption and factor mix under rational inattention

In this section we solve analytically a part of the consumer’s optimization problem, namely the choice
of the optimal consumption mix 2.53. This subproblem can be singled out from the problem 2.47 - 2.54,
because of the following facts: (i) relative prices p,, and noise innovations fgt are independent from all
aggregate variables and other shocks, (ii) mutual information is additive in independent variables, (iii)
the objective function is linear in attention capacity x, (iv) matrices Hy and H; have a block structure
with zeros in the top right and bottom left corners (this is easy to verify). The last condition says that
the decision regarding the consumption mix does not influence the decision regarding bond holding (or
composite consumption) and vice versa.

Using steady state relations and the elements of matrices Hy and H; we can write the problem as

Ll R o . A
max —C’; 797 ZﬂtEj"_l Z (ijt - ijt)(cljt - Cljt) - mnc
9,9 t=0 1<k<I<I—1
subject to
éz*jt = _eﬁit i = 1727 aI -1 (49)
Ciji = —0 (ﬁit + ﬁfgt) 1=1,2,...,1—-1 (.50)

7 ({é;jt, ...,éf,_l)jt} : {éljt, ...,é(,_l)jt}) < ke

Using independence®” and symmetry and denoting o2 = Var(p;,) we can simplify the problem to

n}ax{cU”_ !

nax | 0} 5= ((9 —0)202 + 52192) - MC} (.51)

1

30Note that equations .33 and .39 imply that Py = a;+ and a;’s are assumed independent for different

TTres
i’s. However the actual p,, under rational inattention may be different than p},. We therefore assume that p,, are
independent. This simplifying assumption keeps the problem tractable but is criticized by Sims (2010).
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subject to
(1 =1 ({8 (i +9650) } i {09i}) < e (:52)

In this simple case we can derive information flow (using 2.34) explicitly

T ({é (ﬁit + 196%)} ; {eﬁit}) = %IOgZ [192;_;‘2}

This result allows us to write the problem as a simple unconstrained maximization
ciil-l ((6—b)20 + 64%) A og, [ L4
max< —C, " T-—— —0)%c — —logy | —5—
o U 9 B2 | T2
It turns out after some algebra that the solution is

0_2

o2 + 192

™

=40
A2
92 — 2mz2?

1-v0 2 _A
(Cj 77 21n2)

provided that C’; _7%72 -3 1?1 5 > 0. Otherwise (when the cost of information is sufficiently high relative

to the variance of p,;) it is optimal to choose 2 = co which means no information flow.
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